The Moyal and Wick-Voros planes A M,V θ are * -isomorphic. On each of these planes the Poincaré group acts as a Hopf algebra symmetry if its coproducts are deformed by twist factors F M,V θ . We show that the * -isomorphism T: A M θ → A V θ does not also map the corresponding twists of the Poincaré group algebra. The quantum field theories on these planes with twisted Poincaré-Hopf symmetries are thus inequivalent. We explicitly verify this result by showing that a non-trivial dependence on the non-commutative parameter is present for the Wick-Voros plane in a self-energy diagram whereas it is known to be absent on the Moyal plane (in the absence of gauge fields)
I. INTRODUCTION
General considerations on the coexistence of Einstein's theory of relativity and basic quantum physics, namely Heisenberg's uncertainty principle, strongly suggest that at energy scales close to the Planck scale, spacetime becomes noncommutative [5] . We can model such spacetime noncommutativity by the commutation relations [ x µ , x ν ] = iθ µν (1) where θ µν = −θ νµ are constants and x µ are the coordinate functions on R n on which the Poincaré group acts in a standard manner for θ µν = 0:
There are many noncommutative algebras of functions on spacetime with different products (" * -products") which realize the commutation relations (1) . But under suitable conditions, they are all * -isomorphic. Two such typical algebras are the Moyal and Wick-Voros planes A M θ and A V θ . We recall their * -isomorphism in section 2.
Relation (1) brings with it another problem: at first sight it seems that the noncommutativity of spacetime coordinates violates Poincaré invariance. The L.H.S. of (1) , in fact, transforms in a non-trivial way under the standard action of the Poincaré group whereas the R.H.S. does not. But there is still a way to act with the Poincaré group on A M,V θ if its action is changed to the socalled twisted action [6, 7, 8] . This modification changes the standard Hopf algebra associated with the Poincaré group (the Poincaré-Hopf algebra HP) to a twisted Poincaré-Hopf algebra H
In this paper, we establish that the * -isomorphism T:A M θ → A V θ , which isomorphically map H M θ P → H V θ P, does not extend to an unitary equivalence of the two Fock spaces. Quantum field theories on these planes with twisted Poincaré-Hopf symmetries are thus not equivalent. We explicitly demonstrate this result by showing that whereas a non-trivial dependence on θ µν of a self-energy diagram is absent for the Moyal plane in the absence of gauge fields, that is not the case for the Wick-Voros plane.
Our results differ from those of [4] because of differences in approach to quantum field theories, [4] following the treatment in [9] .
II. ON TWIST-DEFORMATIONS OF ALGEBRAS
The standard algebra A 0 ≡ (F (M), m 0 ) of functions on the Minkowski space-time M ∼ = R 4 is If we let the * -product to act on the coordinates functions, we get in both the cases the noncommutative relation of (1) .
Not all the invertible maps from A θ ⊗A θ onto itself are allowed as twists. Requiring the deformed product m θ to be associative, we find a certain set of conditions. The two cases considered above fulfill all of them because the differential operators acting on A θ commute among themselves. It can be shown that this is a sufficient condition for m θ to be associative, though it is not a necessary one. In general, the twist has to be a two-cocycle in the Hochschild cohomology, see [11] for further discussion.
We end this section with the mathematical definition of the equivalence of two deformations. It proceeds as follows: 
Definition 1 Two deformations of the algebra of functions
Here * and * ′ are products induced by m θ and m ′ θ . Writing (11) in terms of the twist, we get the following condition:
For the two deformations described above (namely Moyal and Wick-Voros), such a map T can be found [12, 13, 14] explicitly: We have
As a final remark of this section, we want to observe that this map T cannot be seen as a realization of an element of a group since it involves the Laplacian, and that is not an element of its Lie algebra.
Both A M θ and A V θ are * -algebras with * being complex conjugation of functions. It is easy to see that T is compatible with this * so that the algebras are * -isomporphic.
III. THE HOPF STRUCTURE ON SYMMETRY ALGEBRAS
The next step is the specification of the Hopf algebra structure of a group G acting on the algebra of functions (see [15, 16, 17] for Hopf algebras). This structure can be determined from considering the action of G upon the tensor product of functions. This latter is given by the socalled co-product indicated by ∆. Let CG be the group algebra of G . Then ∆ is a homomorphism from CG to CG ⊗ CG :
Here ρ is the representation of CG on A and ⊲ indicates the action of the group on functions.
The explicit form of ∆ is given by asking CG to be an automorphism of the algebra, that is the action of the group has to be compatible with the multiplication rule on A:
It is easy to see that in the commutative case A 0 , on group-like elements, the co-product assumes the trivial form:
This co-product can be extended to CG by linearity.
The co-product above is not compatible [6, 7, 8] with the action of G on the deformed algebra 
where
are the realizations of the twist elements
. For the two different twists considered above, namely Moyal and Wick-Voros ones, we will get two different deformations of the group algebra CG . Without going deeper into the deformation theory of Hopf algebras, we just note that the deformations we are considering here are very specific ones since we leave invariant the multiplication rule of CG deforming only the co-structures of the underlying Hopf algebra (in our case we only change ∆ 0 → ∆ M,V θ leaving the group multiplication the same).
We can now state when two Hopf algebra deformations of the above type are said to be equivalent
Definition 2 Two twist deformations F θ and F ′ θ are equivalent iff there exists an invertible element γ ∈ CG such that 1
which for group-like element reduces to
Note that in terms of co-products,
which is precisely the condition for the equivalence of the two Hopf algebras
and 
1 The condition that follows can be given a cohomological interpretation, namely that the two twists have to be in the same equivalence class. For further details see [16] . 2 The reason why we call it classical is because at this level we only deal with functions, that is classical fields. We did not however prove that the actual classical dynamics arising from the two deformations are the same. We hope to discuss this issue elsewhere in more detail in [18] .
Here g ∈ H θ and T : g → g T is an isomorphism on CG . It can be written in a diagrammatic form using the following commutative diagram:
Here g ∈ H θ .
In the case of the Drinfel'd twists discussed above, T = γ and g T = γ −1 gγ.
The necessity for the characterization of the above equivalence condition as classical merits illustration by an example where two classically equivalent deformations, and even that with qualification, lead to differing physics. We now give such an example.
V. INEQUIVALENCE OF MOYAL AND WICK-VOROS QFT'S
We first show that at the classical level A . This result follows from direct computation of (18) since 3
for T as in (13) . Since [∇ 2 , ∂ µ ] = 0 then in the case of Moyal and Wick-Voros:
To proceed further, let us first show that the R matrices in the case of Moyal and Wick-Voros planes are exactly the same. Hence the twisted statistics operators are equal for the Moyal and Wick-Voros planes. The proof is as follows. Recalling (7-8), the two twists can be written as:
A simple argument [19] then shows that the twisted flip operators defining statistics are: 
where P µ is the total four-momentum operator. For a free field of mass m, it is
We now explicitly check that the θ dependence in the Wick-Voros case produces non-trivial effects in quantum field theory even when there are no gauge fields.
Let us first consider the Moyal case. The twisted free field φ M θ of mass m has the mode expansion [20]
where a p , a † p are (upto equivalence [20] ) α p , α † p and where e p (x) ≡ e ip·x . These fields at the same x must be multiplied with the Moyal * product * M . As a consequence [21] 
Using this identity, it has been proved elsewhere [1, 2, 3] that in the Moyal case the S-matrix S M θ in the absence of gauge fields is independent of θ µν . But this identity fails in the Wick-Voros case because of the extra twist S V θ in (26). One finds for a Wick-Voros field φ V θ of mass m, a formula which can be generalized to the product of n fields:
Here the ← − ∂ 's differentiate all fields to the left and − → ∂ 's differentiate all fields to the right.
We can now evaluate the one-loop contribution to the propagator with interaction
Let us call p and q the momenta of the incoming ant outgoing particle, then its O(λ) correction is:
¡
In the case of Moyal, this self-energy does not show any θ dependence. Here instead that is not the case. To see this, we note that
Hence the last factor in (32) becomes 1 and the matrix element p|i
where one p a is p, another is −q and the remaining p c 's are k. So we can see that the terms which mix the external momenta with the internal one cancel each other since they occur in an even number of terms with alternate signs.
Finally we see that this diagram is proportional to
where Π (1) has been evaluated using the Schwinger parametrization and is finite, since the "infrared" divergence has been removed by θ:
which gets its usual divergent behaviour in the limit θ µν → 0 [23, 24] .
Equation (37) shows a dependence on the sign of the symmetric part S V θ since a minus sign in (26) will make the diagram even more divergent in Euclidean space than in the standard commutative theory. An explanation of that can perhaps be found in the fact that the Wick-Voros product is obtained from the noncommutative algebra of operators by taking the expectation value in coherent states. The sign in (26) is obtained using the normal ordering of operators. The opposite choice, namely the anti-normal ordering, instead gives rise to the minus sign. The divergence of the diagram may then traced to the lack of proper definition of the latter 6 .
VI. FINAL REMARKS
We can now briefly outline how to generalize our considerations on the Wick-Voros twist (8) to 2N -dimensions 7 . We can always choosex µ so that θ µν , now a 2N × 2N antisymmetric matrix, becomes a direct sum of N 2 × 2 ones. By antisymmetry, these 2 × 2 matrices are of the form (5) but different 2×2 matrices may have different θ's. For every such 2 × 2 block, we have a pair ofx's which can be treated as in the 2-dimensional case above. (Of course there is no twist in any block with a vanishing θ.)
In conclusion when two algebras A and A ′ and its Hopf symmetries are both twisted, the equivalence at the level of classical fields using the two deformed structures requires the equivalence of both the twisted algebras and their Hopf symmetries in a precise sense. We have derived this condition. We have then shown that going to quantum theory, as often happens, introduces more complication. We have proven that, although the classical fields on Moyal and Wick-Voros planes satisfy the condition of equivalence given in the paper, their quantum field theories are 6 We gratefully acknowledge Giuseppe Marmo for having pointed this out. 7 In 2N + 1-dimensions, we can always choose 2N + 1 so that θ µ,2N +1 =θ 2N +1,µ =0) not equivalent. We have also explicitly shown this inequivalence by calculating a simple Feynman diagram.
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